GEOMETRIC INVARIANTS OF SPACES WITH ISOLATED 
^ " FLATS 

o 
o 

(SI ! G. CHRISTOPHER HRUSKA 1 " 

5h , 

5"^' Abstract. We study those groups that act properly discontinuously, 

cocompactly, and isometrically on CAT(O) spaces with isolated flats and 
. the Relative Fellow Traveller Property. The groups in question include 

word hyperbolic CAT(O) groups as well as geometrically finite Kleinian 
groups and numerous 2-dimensional CAT(O) groups. For such a group 
■ we show that there is an intrinsic notion of a quasiconvex subgroup which 

is equivalent to the inclusion being a quasi-isometric embedding. We 
also show that the visual boundary of the CAT(O) space is actually an 
^ C"| invariant of the group. More generally, we show that each quasiconvex 

subgroup of such a group has a canonical limit set which is independent 
of the choice of overgroup. 

The main results in this article were established by Gromov and Short 
in the word hyperbolic setting and do not extend to arbitrary CAT(O) 
groups. 
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A group is word hyperbolic if it admits a geometric action (i.e., properly 
. discontinuous, cocompact, and isometric) on a <5-hyperbolic space. Numer- 

ous geometric features of such an action have been shown to be invariants of 
the group, in particular the visual boundary f |Gro87j ) and the set of quasi- 
convex subgroups (|SEa2I|). A quasiconvex subgroup of a word hyperbolic 
group is again a word hyperbolic group, and its boundary equivariantly em- 
beds into the boundary of the larger group as a limit set ( |Gro87j ) . These 
^ \ results do not extend from the negatively curved setting to arbitrary non- 

!-h ' positively curved groups. 

The goal of this article is to show that these results do, in fact, hold 
for a special class of nonpositively curved groups, namely those which act 
geometrically on CAT(O) spaces with isolated flats and the Relative Fellow 
Traveller Property, which were introduced by the author in |Hru04j . The 
groups in question include the fundamental group of any compact nonpos- 
itively curved 2-complex whose 2-cells are regular Euclidean hexagons as 
well as all geometrically finite Kleinian groups. 
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In the 5-hyperbolic setting Gromov established a Fellow Traveller Prop- 
erty, which states that quasigeodesics with common endpoints track close 
together. This fundamental property is a key component of the proofs of 
the main results in the word hyperbolic setting. 

The Relative Fellow Traveller Property is a generalization of the Fellow 
Traveller Property in which pairs of quasigeodesics fellow travel "relative to 
flats" in a sense that we make precise in Section The Relative Fellow 
Traveller Property is useful in conjunction with the isolated flats property, 
defined in Section El which roughly states that flat Euclidean subspaces are 
"disjoint at infinity." Morally speaking, the CAT(O) spaces with isolated 
flats are the CAT(O) spaces that are closest to being 5- hyperbolic, while still 
containing flat subspaces. 

Although the notions of isolated flats and the Relative Fellow Traveller 
Property were explicitly introduced by the author in |Hru04| . the ideas were 
implicit in ea rlier work of Kapovich-Leeb ( jK I .!)•") ) , Wise ( |Wis961 IWis98j ) , 
and Epstein f |ECH + 92l Chapter 11]), and have also been studied by Kleiner. 

Let p: G — ► Isom(X) be a geometric group action. A subgroup H of G 
is quasiconvex with respect to p if the orbit Hx is a quasiconvex subspace 
of X for some basepoint x. In the word hyperbolic setting quasiconvexity 
does not depend on the choice of geometric action p or even on the choice of 
space X. In fact, quasiconvexity of H is equivalent to the intrinsic property 
that H G is a quasi-isometric embedding. This result does not extend 
to the general CAT(O) setting (see Section I2J). Nevertheless, in the presence 
of isolated flats and the Relative Fellow Traveller Property, we have the 
following theorem. 

Theorem 1.1 (Quasiconvex •<=>■ undistorted). Let p be a geometric action 
of a group G on a CAT(O) space X, where X has isolated flats and the 
Relative Fellow Traveller Property, and let H < G be any finitely generated 
subgroup. Then H is quasiconvex with respect to p if and only if the inclusion 
H G is a quasi-isometric embedding. 

The boundary of a (complete) CAT(O) space is the space of all geodesic 
rays emanating from a fixed basepoint, endowed with the compact-open 
topology. In the word hyperbolic setting, the boundary is a group invariant 
in the sense that, if a group acts geometrically on two different <5-hyperbolic 
spaces then the spaces have the same boundary. Furthermore, as mentioned 
above, a quasiconvex subgroup of a word hyperbolic group is again word 
hyperbolic, and there is an equivariant embedding of the boundary of the 
subgroup into the boundary of the supergroup as a limit set. 

In principle, the same is true in the presence of both isolated flats and 
the Relative Fellow Traveller Property. However, the statement is more 
subtle since it is currently unknown whether a quasiconvex subgroup of a 
CAT(O) group is itself CAT(O). (Recall that a group is CAT(O) if it admits 
a geometric action on a CAT(O) space.) 



GEOMETRIC INVARIANTS OF SPACES WITH ISOLATED FLATS 3 

Theorem 1.2 (Boundary of a quasiconvex subgroup is well-defined). Let 

pi and p2 be geometric actions of groups G± and G2 on CAT(O) spaces X\ 
and X2 each having isolated flats and the Relative Fellow Traveller Property. 
For each i, let Hi < G% be a quasiconvex subgroup with respect to pi. Then 
any isomorphism r\: H\ — > H2 induces an rj-equivariant homeomorphism 
AHi -► AH 2 . 

Roughly speaking the idea is that, if a group if is a quasiconvex subgroup 
of two different groups G\ and G2, then the limit set of H is the same in 
the boundary of both groups. If H is itself a CAT(O) group, then this limit 
set must also be the boundary of H. 

An immediate corollary is that the boundary is a group invariant for 
CAT(O) groups with isolated flats and the Relative Fellow Traveller Prop- 
erty. Croke and Kleiner showed that this corollary does not extend to 
the general CAT(O) setting ( |CK00j ). In fact Wilson has shown that the 
Croke-Kleiner construction produces a continuous family of homeomorphic 
2-complexes whose universal covers all have topologically distinct bound- 
aries ( I Wilj ) . 

In order to prove the main theorems, we first prove some basic algebraic 
facts due to Wise (personal communication) about geometric actions on 
CAT(O) spaces with isolated flats in Section |21 In particular, we show that 
maximal flats correspond to maximal virtually abelian subgroups of rank 
at least two in Theorem 13.71 We also establish that these virtually abelian 
subgroups lie in only finitely many conjugacy classes ( Theorem 13.9(1 . One 
notable corollary to this analysis is the following. 

Theorem 1.3 (ZxZ subgroups). Suppose G acts geometrically on a CAT(O) 
space with isolated flats. Then either G is word hyperbolic or G contains a 
ZxZ subgroup. 

We prove Theorem 11.11 in Section 0J The proof is a more detailed version 
of the techniques used to prove Theorem 13.71 

Then in Section H3 we examine the geometry of quasiflats, i.e., the quasi- 
isometrically embedded Euclidean subspaces of dimension at least two. In 
particular we prove the following theorem, which generalizes a lemma proved 
by Schwartz in his study of quasi-isometric rigidity of nonuniform lattices 
in rank one symmetric spaces ( |Sch95| ). 

Theorem 1.4 (Quasiflats are close to flats). Let X be a CAT(O) space with 
isolated flats and the Relative Fellow Traveller Property. Given constants A 
and e, there is a constant D = D{\, e, X) such that each (A, e)-quasiflat lies 
in a D -neighborhood of some flat F. 

Theorem 11.41 and the Flat Torus Theorem are key components in the 
proof of the following theorem, which improves the Relative Fellow Trav- 
eller Property to a genuine Fellow Traveller Property under an equivariance 
assumption. 
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Theorem 1.5 (Equivariant Fellow Traveller Property). Let G act geomet- 
rically on two CAT(O) spaces X and Y . Suppose further that X has isolated 
flats and the Relative Fellow Traveller Property. Then any G -equivariant 
quasi-isometry X — ► Y maps geodesies in X uniformly close to geodesies 
in Y. 

As an immediate corollary, we get an alternate proof of the group invari- 
ance of quasiconvexity without using the techniques of Section 31 We also 
obtain a direct proof of the invariance of the boundary. To prove the more 
general result of Theorem 11.21 requires a more detailed analysis which com- 
bines techniques from the proofs of Theorems 11.11 and 11.51 We undertake 
this analysis in Section |SJ 

In |Hru04| . the author shows that among proper, compact CAT(O) 2- 
complexes the isolated flats property is equivalent to the Relative Fellow 
Traveller Property. Furthermore, Wise has shown that these equivalent 
properties are satisfied if and only if the 2-complex does not contain an 
isometrically embedded triplane (see |Hru04| for a proof). A triplane is the 
space obtained by gluing three Euclidean halfplanes together along their 
boundary line. For instance the universal cover of a compact nonpositively 
curved 2-complex whose 2— cells are all regular Euclidean hexagons cannot 
contain a triplane, and hence has isolated flats and the Relative Fellow 
Traveller Property. 

Every geometrically finite Kleinian group acts geometrically on a trun- 
cated version of the convex hull of the limit set. It is a well-known folk 
theorem that this "truncated convex hull" is a CAT(O) space. In Section El 
we prove the following result. 

Theorem 1.6. The truncated convex hull associated to a geometrically finite 
subgroup T < Isom(H n ) has isolated flats and the Relative Fellow Traveller 
Property. 

The Relative Fellow Traveller Property is established using a technical 
result of Epstein C |ECH+92l 11.3.1]). 

Based on the evidence above, it seems likely that the isolated flats prop- 
erty and the Relative Fellow Traveller Property are equivalent for arbitrary 
(proper and cocompact) CAT(O) spaces. 

The author has been informed that Kleiner has unpublished work from 
1997 related to the paper |CK02j which also proves some of the results 
in this article. In particular he showed that equivariant quasi-isometries 
between CAT(O) spaces with isolated flats map geodesies to within uniform 
Hausdorff distance of geodesies, which implies that the spaces have a well- 
defined boundary. 

1.1. Acknowledgements. The results in this article were originally pub- 
lished as part of my Ph.D. dissertation at Cornell University. That disserta- 
tion was prepared under the guidance of Daniel Wise and Karen Vogtmann. 
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2. Geometric preliminaries 

This section is a review of some basic geometric facts that we will need 
throughout this article. It also serves to establish notation. A good reference 
for the facts discussed here is |BH99j . 

We use two distinct metrics on the set of subsets of a metric space X. If 
A and B are subsets of X, the distance between A and B is defined by 

d{A,B) = inf {d(a,b) \ a € A, b€B}. 

The Hausdorff distance between A and B is 

d H (A,B) = inf{e | A C M e (B) and B C J\f e (A) }, 

where M e (C) denotes the e-neighborhood of C. 



2.1. Quasi-isometries. 

Definition 2.1 (Quasi-isometry). Let X and Y be metric spaces. A (A, e)- 
quasi-isometric embedding of X into Y is a function / : X — > Y satisfying 

\ d(a, b)-e< d(f(a), f{b)) < A d(a, b) + e 
A 

for all a, b £ X. If, in addition, every point of Y lies in the e-neighborhood 
of the image of /, then / is a (A, e) -quasi-isometry and X and Y are quasi- 
isometric. 

Every quasi-isometry / has a quasi-inverse g with the property that the 
maps fog and g o f are each within a bounded distance of the identity. 

A geodesic in a metric space X is an isometric embedding I —> X, where 
/ C K. is an interval. A metric space is geodesic if every pair of points 
is connected by a geodesic. A group action is geometric if it is properly 
discontinuous, cocompact, and isometric. The fo llowing well-known result 



m 

was discovered by Efromovich and Svarc ( |Efr531 ISva55| ) and rediscovered 
by Milnor ( |Mi1fiS| ). 
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Theorem 2.2. Suppose a group G acts geometrically on a geodesic space X . 
Then the map G — ► X given by g ^ g(xo) for some xq G X is a quasi- 
isometry. 

2.2. CAT(O) spaces. 

Definition 2.3. Given a geodesic triangle A in X, a comparison triangle 
for A is a triangle in the Euclidean plane with the same edge lengths as A. 
A geodesic space is CAT(O) if distances between points on any geodesic 
triangle A are less than or equal to the distances between the corresponding 
points on a comparison triangle for A. 

Theorem 2.4 (Convexity of the CAT(O) metric). Let 7 and 7' be geodesic 
segments in a CAT(O) space, each parametrized from to 1 proportional to 
arclength. Then for each t € [0,1] we have 

d(7(t), < (1 - *) d(7(0), 7(0)) + t d( 7 (l), Y(l)) • 

Theorem 2.5 (Orthogonal projection). Let C be a complete, convex sub- 
space of a CAT(O) space X. Then there exists a unique map tt: X — > C , 
called the orthogonal projection of X onto C , satisfying the following prop- 
erties. 

(1) For each x G X, we have d{x,ir{xj) = d(x,C). 

(2) For every x, y G X we have d(x,y) > d(it(x), 7r(y)) . 

Recall that an isometry g of a metric space X is semisimple if some point 
of X is moved a minimal distance by g. If G acts geometrically on a metric 
space X, then every element of G is a semisimple isometry of X (see |BH99| 
11.6.10(2)]). 

Theorem 2.6 (Flat Torus Theorem). Let A be a free abelian group of 
rank k acting properly dis continuously by semisimple isometries on a CAT(O) 
space X. Then A stabilizes some k-flat F, and the action of A on F is by 
Euclidean translations with quotient a k-torus. 

2.3. Quasiconvexity. 

Definition 2.7 (Quasiconvex subspace). A subspace Y of a geodesic metric 
space X is v -quasiconvex, for v > 0, if every geodesic in X connecting two 
points of Y lies inside a ^-neighborhood of Y. The subspace Y is quasiconvex 
if there exists a nonnegative constant v such that Y is ^-quasiconvex. 

Definition 2.8 (Quasiconvex subgroup). Let p: G — > Isom X be a geomet- 
ric action of the group G on the CAT(O) space X. A subgroup H of G is 
quasiconvex with respect to p if there is a point xq G X such that the orbit 
Hxq is a quasiconvex subspace of X. 

Theorem 2.9. Quasiconvex subgroups are finitely generated and quasi- 
isometrically embedded. Furthermore, if two subgroups are quasiconvex with 
respect to the same action, then their intersection is again quasiconvex. 
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In the general CAT(O) setting, quasiconvexity depends on the choice of 
action, as illustrated in the following example. 

Example 2.10. Consider the group 

G = F 2 x Z = (a,b) x (t) = (a,b,t | [a,t], [b,t] ), 

and let p: G — > Isom(X) be the natural action of G on the universal cover 
of the presentation 2-complex, metrized as a product of two trees. Since p 
respects this product decomposition, the direct factor H = {a, b) is quasi- 
convex with respect to p. 

Observe that H' = (a, bt) is not quasiconvex with respect to p. For if it 
were, then H n H' would be finitely generated. But H n H' is the subgroup 
of all elements in the free group H for which the exponent sum of b is zero, 
which is not finitely generated. 

The map (ft £ Aut(G) given by 

cl i — > (I b i— > bt t 1— > t 

sends H to H' . So the p action of H' is the same as the p o (ft action of H. 
In other words, H is not quasiconvex with respect to p o (ft. 

3. Isolated flats 

In this section, we define the notion of a CAT(O) space with isolated 
flats. We prove some algebraic facts about groups which act geometri- 
cally on CAT(O) spaces with isolated flats. In particular, we show in Theo- 
rem EiZl that maximal flats are in one-to-one correspondence with maximal 
free abelian subgroups of rank at least two. We also prove Theorem 13.91 
which states that such groups have finitely many conjugacy classes of max- 
imal virtually abelian subgroups of rank at least two. 

The results in this section were proved by Wise in the 2-dimensional 
setting (personal communication). The proofs here are straightforward gen- 
eralizations of those given by Wise. In fact, a variant of Theorem l3.7l appears 
as Proposition 4.0.4 in |Wis96j . 

Definition 3.1 (Flats). A flat in a CAT(O) space X is an isometric em- 
bedding of Euclidean space E fc into X for some k > 2. A /c-flat is a flat of 
dimension k. 

Definition 3.2 (Isolated flats). A CAT(O) space X has isolated flats if it 
contains a family T of flats with the following properties. 

(1) (Maximal) There is a constant B such that every flat F in X is 
contained in a ^-neighborhood of some flat F' € J-. 

(2) (Isolated) There is a function ift : M + — ► R + such that for every pair 
of distinct flats Fi,F 2 G T and for every k > 0, the intersection 
Nk(Fi) njVfc^) of /c-neighborhoods of F\ and F 2 has diameter at 
most ift(k). 

(3) (Equivariant) The set of flats T is invariant under the action of 
Isom(A). 
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Observe that <5-hyperbolic CAT(O) spaces vacuously satisfy the isolated 
flats property since such spaces do not contain flats. 

We note the following immediate consequence of isolated flats, which will 
be useful in the sequel. 

Lemma 3.3. Let X be a CAT(O) space with isolated flats. For every k > 0, 
each flat disc D in X of radius at least tp{k) lies in a k -neighborhood of at 
most one flat F G T . □ 

The following proposition shows that in any proper CAT(O) space with 
isolated flats, the family T is locally finite. 

Proposition 3.4 (Locally finite). Let X be a proper CAT(O) space with 
isolated flats. Then only finitely many flats from the family T intersect any 
compact set K C X. 

Proof. It suffices to show that only finitely many flats in T intersect any 
metric ball B(xq, r). By Lemma l3.3l we can choose a constant R sufficiently 
large that every flat disc D in X of radius at least R lies in a 1-neighborhood 
of at most one flat F G T. Let {Fi} be the collection of all flats Fi G T 
which intersect the ball B(xq, r). Let pi be the point in Fi closest to xo, and 
let Di be the closed disc of radius R in Fi centered at pj. Note that every 
such disc lies inside the closed ball B(xo,r + R), which is compact since X 
is proper. 

Suppose by way of contradiction that the collection {Fi} is infinite. Pass- 
ing to a subsequence if necessary, we may assume that the sequence of discs 
{Di} converges in the Hausdorff metric (see, for instance, |BH991 1.5.31]). 
In particular, it is a Cauchy sequence with respect to the metric dn, so 
some pair Di,Dj with i ^ j has dn(Di, Dj) < L But then Di lies inside 
a 1-neighborhood of the distinct flats Fi and Fj, contradicting our choice 
of R. □ 

Corollary 3.5. Suppose a group G acts geometrically on a CAT(O) space X 
with isolated flats. Then G contains only finitely many conjugacy classes of 
stabilizers of flats F G J-. 

Proof. Fix a compact set K in X whose G-translates cover X. Every flat 
F G T intersects g(K) for some g G G. So the flat g~ 1 (F) intersects K and 
has a stabilizer conjugate to the stabilizer of F. Since only finitely many 
flats in J- intersect K, we see that there are only finitely many conjugacy 
classes of flat stabilizers. □ 

Definition 3.6 (Periodic). Suppose a group G acts geometrically on a met- 
ric space X. A fe— flat F in X is periodic if there is a free abelian subgroup 
A < G of rank k that acts by translations on F with quotient a A;-torus. 

The following theorem is, in a sense, a converse to the Flat Plane Theorem 
in the context of isolated flats. 
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Theorem 3.7 (Flats are periodic). Suppose a group G acts geometrically on 
a CAT(O) space X which has isolated flats. Then every F G T is periodic. 

Proof. Since G acts cocompactly, the quotient G\X has a bounded diam- 
eter r. Choose a /c-flat F G and let { gj \ j G N} be a minimal set of 
group elements such that every point of F lies within a distance r of some 
gj(x), where x is a fixed basepoint in X. Then the flat Fj = gJ 1 (F) inter- 
sects B(x,r). Since T is invariant under isometries of X, each flat Fj is an 
element of T . But only finitely many flats in T intersect this ball. So the 
collection { Fj \ j G N } is finite. 

Let Gf denote the stabilizer of F. Notice that if two flats Fi and Fj 
coincide, then gjg~ l is an element of Gf- For each j, let Xj denote the 
point in F' closest to gj(x). Then the Xj lie in only finitely many different 
Gi?-orbits. So for some j the G^-orbit of Xj is infinite and does not lie 
inside a bounded neighborhood of any hyperplane of F' . Since Gf acts 
properly discontinuously by isometries on the Euclidean space F, it follows 
that Gf has a free abelian subgroup A of finite index and finite rank (see 
Corollary 4.1.13 of |Thu97j ) . Then by Theorem 12.61 there is an m-flat Fa 
in F stabilized by Gf on which A acts by translations, where m is equal 
to the rank of A. So each orbit under Gf lies within a bounded distance 
of Fa- (Although the specific bound depends on the choice of orbit.) Since 
F contains a Gi?-orbit which does not lie in a bounded neighborhood of any 
hyperplane, we must have m = k, in other words, Fa = F. Since A acts 
freely and cocompactly on F by translations, the quotient A\F is a /c-torus 
as desired. □ 

The following algebraic result is an immediate consequence of Theo- 
rem EH 

Corollary 3.8. Suppose a group G acts geometrically on a CAT(O) space X 
with isolated flats. Then X contains a k-flat if and only if G contains a 
subgroup isomorphic to Z fc . □ 

Taken together, Corollary 13.51 and Theorem 13.71 have the following alge- 
braic consequence. 

Theorem 3.9. If G acts geometrically on a CAT(O) space X with isolated 
flats, then G contains only finitely many conjugacy classes of maximal vir- 
tually abelian subgroups of rank at least two. 

Proof. By Corollary 13. 5( it suffices to show that the set of all stabilizers of 
flats in T is the same as the set A of all maximal virtually abelian subgroups 
of rank at least two of G. 

By the Flat Torus Theorem, each A £ A stabilizes a flat E. But E 
lies in a tubular neighborhood of a unique flat F G T. The equivariance 
of T shows that A is contained in the virtually abelian group stabilizing F, 
so in fact A = Stab(F). Conversely, for each F G J 7 , Theorem 13.71 gives 
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Stab(F) Ci = Stab(F') for some A G A and F' G T. By isolated flats, we 
must have F = F'. □ 

4. INVARIANCE OF QUASICONVEXITY 

A key step in the proof of Theorem 11.11 is a generalization of the proof of 
Theorem 13.71 In the earlier proof, we considered a flat coarsely covered by 
orbit points gi(xo). We used elements of the form gjg~ l to generate a large 
virtually abelian group stabilizing the given flat. 

In this section, we prove the following lemma involving a curve in a flat, 
which is coarsely covered by orbit points hi(xo) in a subgroup H. We will 
use elements of the form hjh^ 1 to generate a virtually abelian subgroup 
of H that densely fills a subflat coarsely containing the given curve. 

Lemma 4.1. Suppose a group G acts geometrically on a CAT(O) space X 
with isolated flats. For each constant /i > 0, there is a positive constant 
L = L(fi) having the following property. Let a: [0,1] — > F be any path 
in a flat F G T , and let H be a subgroup of G. Suppose Im(a) lies in a 
^-neighborhood of some orbit Hx under H . Then: 

(1) Im(a) lies in an L -neighborhood of a flat subspace F of F on which 
a free abelian subgroup B < H acts cocompactly by translations. 

(2) For each y G F the orbit By is L-dense in F. 

(3) The geodesic segment -y connecting a(0) and ct(l) lies in an L- 
neighborhood of Hx. 

The proof of Lemma 14.11 uses the following elementary lemma, whose 
proof we leave as an exercise. 

Lemma 4.2. Suppose a group G acts by isometrics on a metric space X. 
If some connected set C in X lies in a k -neighborhood of the union of n 
distinct G -orbits, then C lies in a (2 nn) -neighborhood of a single orbit. □ 

Proof of Lemma \4.1\ Given a path a : [0, 1] — > F in some flat F G F, choose 
a minimal set { hi \ i G / } of elements of H so that every point of Im(a) lies 
within a distance \x of some h{{x). For convenience, replace the points h{{x) 
with points inside F as follows. For each i G let xi = 7r(/ij(x)), where 
7r: X — > F is the orthogonal projection onto F. Since projections do not 
increase distances, every point of Im(a) lies within a distance \x of some Xi. 

For each i E I, the flat h~ 1 (F) is an element of T intersecting the ball 
B(x,fi), and h~ 1 (xi) is the closest point in this flat to the basepoint x. Let 
N = N([j,) be the number of flats in T which intersect this ball, which 
we know to be finite by Proposition 13.41 Then the set { hj (x^) I i G /} 
contains at most elements. If two flats h^ 1 (F) and hJ 1 (F) coincide, then 

hjh^ 1 stabilizes F and maps Xi to Xj. If we let Hp denote the elements of H 
which stabilize F, then the points Xi lie in at most N distinct .H^-orbits. 

By Theorem 13.71 we know that Gf, the subgroup of G stabilizing F, 
has a free abelian finite index subgroup Ap which acts on F by Euclidean 
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translations. But there are only finitely many conjugacy classes of the sta- 
bilizers G f for F £ J- by Corollary 13.51 So there is a universal bound M on 
the index [Gf ■ Af]- Consequently, Hp also has a free abelian subgroup B 
of index at most M which acts by translations on F. So the points {xi} lie in 
at most MN distinct U-orbits. Since Im(a) is connected, Lemma l4.2l shows 
that Im(a) lies in a //'-neighborhood of a single .B-orbit, where //' = 2fiMN. 
Choose a point y in F and a collection { bj \ j G J } in B so that 

d(bj(y),b j+ i(y)) < 2// 

and Im(ct) lies in a //'-neighborhood of Uj{^i (?/)}■ Let -B be the subgroup 
of B generated by all elements of the form bj+%bj for j £ J. Then I? 

stabilizes some &;-flat i* 1 containing y, where k is the rank of B. 

Since the orbit By lies entirely within F, it follows that Im(a) lies inside a 
//'—neighborhood of F. Furthermore, since B is generated by elements with 
translation length at most 2/i', the A;-flat F lies in a 2/c//' -neighborhood of 
By. Since the rank k of B is bounded by the dimension of the largest flat 
in X, we see that Im(a) lies within a uniformly bounded neighborhood of 
the orbit By. 

As the //'-neighborhood of F is convex, the geodesic 7 connecting the 
endpoints of a also lies uniformly close to By, so Im(7) lies within a uniform 
neighborhood of the full orbit Hy. Since each endpoint of 7 also lies within 
a distance //, of the original orbit Hx, we see that the Hausdorff distance 
between the orbits Hx and Hy is uniformly bounded. So Im(7) lies in a 
uniformly bounded neighborhood of Hx as desired. □ 

Lemma 4.3. Let X be a CAT(O) space with isolated flats and the Relative 
Fellow Traveller Property. Fix constants jjL, A, and e. Then there exists a 
positive constant v so that the following property holds. 

Suppose a group G acts geometrically on X. Let a : [0, 1] — > X be a 
(A, e)-quasigeodesic, and let 7 be the geodesic connecting a(0) and a(l). Let 
H < G be a subgroup such that Im(a) lies in a ji-neighborhood of Hx for 
some basepoint x £ X . Then Im(7) lies in a is -neighborhood of Hx. 

Proof. By the Relative Fellow Traveller Property we know that a and 7 
track (5-close relative to some sequence of flats in T . The result is clear for 
any subsegment of 7 which lies within a 5-neighborhood of Im(a). So we 
only need to verify the result for pieces of 7 which wander away from a. 

Let £ be a subpath of a whose endpoints are within a distance 5 of Im(7) 
and which stays in a (^-neighborhood of some flat F G T. Letting ir : X — > F 
denote the orthogonal projection, the Hausdorff distance between Im(£) and 
Im(7r o £) is at most 6, so Im(-7r o £) lies in a (5 + /^-neighborhood of Hx. 

Applying Lemma 14. II to the curve vr o £, we get a constant L so that the 
geodesic 77 connecting the endpoints of it o £ lies in an L-neighborhood of 
Hx. The result follows from the observation that the endpoints of rj are 
within a distance 25 of Im(7). □ 
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Figure 1 . A pair of paths which fellow travel relative to flats 

At this point, the proof of Theorem II. II is nearly immediate. 

Proof of Theorem M.lX The direction (=>) is Theorem 12 .91 For (<£=), suppose 
H ^ G is a quasi-isometric embedding. Then there is an iL-equivariant 
(A, e)-quasi-isometric embedding 4>: Y —* X where Y is some Cayley graph 
for H. Let x = 0(1). 

Note that H is a (l/2)-quasiconvex subspace of Y. Let 7 be the geodesic 
in Y joining two arbitrary points h\ and hi of H. Then <p o 7 is a (A, e)— 
quasigeodesic joining h\(x) and h^{x) and lying in a (A/2 + e)-neighborhood 
of Hx. It now follows from Lemma 14.31 that there is a constant v = v(X, e) 
so that the geodesic [h±(x), /^(a?)] lies in a ^-neighborhood of Hx. Thus 
H is a z^-quasiconvex subgroup. □ 

5. The Relative Fellow Traveller Property 

Roughly speaking, the idea is that the two paths alternate between track- 
ing close together and travelling near a common flat as illustrated in Fig- 
ure E 

Definition 5.1 (Fellow travelling relative to flats). A pair of paths 

a:[0,a]^X and c/:[0,a']->X 

in a space L-fellow travel relative to a sequence of flats (iq, . . . , F n ) if there 
are partitions 

= to < sq < t\ < s\ < ■ ■ ■ < t n < s n = a 

and 

= t'o < s'o < t[ < s[ < • • • < t' n < s' n = a' 
so that for < i < n the Hausdorff distance between the sets a([tj,Sj]) 
and a/([^, s'^) is at most L, while for 1 < i < n the sets a([sj_i,tj]) and 
a ' {Wi-i^'il) ne in an L-neighborhood of the flat Fj. 

We will frequently say that paths L-fellow travel relative to flats if they 
L-fellow travel relative to some sequence of flats. 

Definition 5.2 (Relative Fellow Traveller Property). A space X satisfies 
the Relative Fellow Traveller Property if for each choice of constants A and e 
there is a constant L = L(A, e, X) such that (A, e)-quasigeodesics in X with 
common endpoints L-fellow travel relative to flats. 
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6. QUASIFLATS 

This section consists of the proof of Theorem II .41 that quasifiats are close 
to flats. 

Proof. Let Q : E fc — ► X be a (A, e)-quasiflat in X. Observe that in Euclidean 
space, any two consecutive sides of a square form a (\/2, 0)-quasigeodesic. 
So the image under Q of any square S in E fe can be considered as a pair 
of (A', e')-quasigeodesics as and (5s in X with common endpoints, where A' 
and e' depend only on A and e. 

By the Relative Fellow Traveller Property, there is a constant L = L(X' , e') 
such that as and 0s L-fellow travel relative to flats. But if S is sufficiently 
large, as and (3s separate by more than a distance L except near their 
endpoints. So they must lie within an L-neighborhood of some fiat Fs- By 
isolated flats, this flat lies in a B -neighborhood of some flat F' s G J-. 

Furthermore, if two sufficiently large squares S\ and S2 are within a Haus- 
dorff distance 1 of each other, then the resulting flats F' Si and F' s must 
coincide by isolated flats. 

To complete the proof, notice that for any given constant C, one can 
easily construct a family of squares {Si} in K k each of side length C with 
the following two properties. 

(1) E fc is the union of all the squares £j. 

(2) Any two squares S and S' can be connected by a finite chain 

S = So, S±, . . . , Si = S' 

so that the Hausdorff distance between any two consecutive squares 
Si,Si+\ is at most 1. □ 



7. EQUIVARIANT QUASI-ISOMETRIES 

The goal if this section is to prove Theorem 11.51 which states that equi- 
variant images of geodesies lie uniformly close to geodesies. 

Definition 7.1 (Quasi-equivariance). Suppose a group G acts by isometries 
on two metric spaces X and Y. A map /: X — ► Y is e-quasi-equivariant if 
for each g S G, the diagram 




commutes up to a distance e. In other words for each g € G and x € X, the 
distance d(g(f(x)),f(g(x))) is less than e. 

In the sequel, we prove several results about equivariant quasi-isometries. 
In fact, each of these results also holds for quasi-equivariant quasi-isometries 
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with only trivial modifications to the proofs (such as introducing extra ad- 
ditive constants). We will usually suppress mention of quasi-equivariance in 
order to simplify matters slightly. 

The proof of Theorem 11.51 uses the following result, which states that 
isolated flats and the Relative Fellow Traveller Property pull back under 
equivariant quasi-isometries. In particular, an equivariant quasi-isometry 
induces a one-to-one correspondence between the distinguished families of 
flats for the two spaces. 

Proposition 7.2. Suppose a group G acts geometrically on CAT(O) spaces 
X and Y . Suppose further that 

• X has isolated flats with respect to the family of flats Tx , an d 

• X has the Relative Fellow Traveller Property. 

Let (ft: Y — > X be a G-equivariant quasi-isometry. Then 

(1) Y has isolated flats with respect to a family of flats Ty, 

(2) (ft maps the flats of Ty uniformly close to the flats of Tx, inducing 
a one-to-one correspondence between Ty and Tx, o,nd 

(3) Y has the Relative Fellow Traveller Property. 

Curiously, the author does not know of a proof that isolated flats by itself 
is a group invariant. Namely, if a group acts geometrically on two CAT(O) 
spaces and one has isolated flats, must the other also have isolated flats? It 
seems likely that the answer is yes. 

Proof. We first construct the family Ty of flats in Y . By Theorem 13. 71 each 
/c-flat F G Tx is stabilized by a free abelian subgroup A < G of rank k. 
By the Flat Torus Theorem, A also stabilizes some A;-flat F' in Y. Let 
ip: X — > Y be a G-equivariant quasi-inverse for (ft. Since ip(F) and F' are 
each stabilized by A, it is easy to see that the Hausdorff distance between 
them is finite. So (ft sends ift(F) and F' to a pair of quasiflats which are 
each within a finite Hausdorff distance of F. Applying Theorem 11.41 to 
the space X produces a uniform constant B which bounds this Hausdorff 
distance. Consequently, the Hausdorff distance between tft(F) and F' is 
bounded by some other uniform constant B' depending only on the spaces 
X and Y and the constants associated to the maps (ft and ip. If we let the 
family Ty contain one flat F' C Y for each flat F G Tx as constructed 
above, then (j2J) follows immediately. 

We now verify that Y has isolated flats with respect to the family Ty. 
Choose a flat E C Y. By Theorem II. 4| the quasiflat (ft(E) lies within a D— 
neighborhood of some flat F G Tx- The argument in the previous paragraph 
shows the existence of a constant D' such that E lies in a ^'-neighborhood of 
some flat in Ty. Similarly because X has isolated flats it is easy to produce 
a function rj : M + — ► M + such that for any two flats E\ % Ei G Ty and any 
constant C, the intersection Nc{E\) fl JVpf^) has diameter bounded by 
77(C). We have now established (0). 
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Finally, let a and a' be a pair of quasigeodesics in Y with common end- 
points. Then <ftoa and (ftoa' are a pair of quasigeodesics in X with common 
endpoints. By the Relative Fellow Traveller Property for X, these quasigeo- 
desics in X fellow travel relative to some sequence of maximal flats. Notice 
that for any pair of subpaths of (ftoa and (ftoa' which are Hausdorff close, the 
corresponding subpaths of a and a' are also Hausdorff close. On the other 
hand, given a pair of subpaths £ and £' which travel far apart but whose 
endpoints are close, there is some maximal fc-flat F such that £ and £' both 
lie close to F. So in Y the corresponding subpaths of a and a' lie close 
to the quasiflat ift(F), which is Hausdorff close to some fc-flat F'. It fol- 
lows that a and a' fellow travel relative to some sequence of flats in Y, 
establishing ©. □ 

Before proving Theorem II. 5( we consider the following special case in 
which the spaces in question are isometric to Euclidean space. This case 
turns out to be quite easy, since the given quasi-isometry is then close to an 
affine map. 

Lemma 7.3. Let p\ and p2 be geometric actions of 7L n on spaces F\ and Fi 
each isometric to Euclidean space E n ; and let (ft: F\ — > F2 be a Z" -equivariant 
(A, e) -quasi-isometry. Choose p so that F\ is contained in a p-neighborhood 
of each orbit. Then the image of a geodesic under (ft lies within a Hausdorff 
distance L of a geodesic, where L depends only on A, e, and p. 

Proof. First choose a basepoint x £ F\, and notice that (ft maps the orbit 
of x to the orbit of (ft(x). There is an affine map ip: F\ — > F2 which agrees 
with (ft on the orbit of x. But F\ is contained in a /i-neighborhood of this 
orbit. So the sup-norm distance between tft and (ft is bounded in terms of p, 
A, and e. But affine maps of Euclidean spaces send lines to lines. Therefore, 
(ft sends each geodesic to within a Hausdorff distance L of a geodesic, where 
L = L(\, e, k), as desired. □ 

Proof of Theorem \1.5l Proposition l7.2l shows that Y has the Relative Fellow 
Traveller Property and that cp maps flats in X uniformly close to periodic 
flats in Y. Pick a quasi-inverse ip: Y — > X for 4>, and choose a geodesic 
segment a in AT. Let 7 be the geodesic in Y connecting the endpoints of 
(f) o a. 

It follows from the proof of Proposition 17. 21 that the quasigeodesics a and 
ip o 7 fellow travel relative to some sequence of flats (E\, ■ ■ ■ ,E n ) in J-x, 
while the quasigeodesics (ft o a and 7 fellow travel relative to the sequence 
(F±, . . . , F n ) in J-y, where Fi is a flat parallel to the quasiflat (ft(Ei). 

Let £ and £' be subsegments of a and ^07 which stay far apart except 
near their endpoints. Then the images of £ and £' lie near some flat E{ in X, 
while the images of (ft o £ and (ft o £' lie near the flat Fi . Recall that £ is a 
geodesic parallel to E{ , while (ft o £' is a geodesic parallel to Fi . 

But (ft composed with the orthogonal projection 7Tj : Y — > Fi gives a quasi- 
isometry q: Ei — > Fi, which is quasi-equivariant with respect to a maximal 
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free abelian subgroup A < G that stabilizes both fiats. By Lemma 17.31 this 
quasi-isometry q maps geodesies e-close to geodesies for some constant e 
depending on our choice of flat. However, without loss of generality we may 
assume that the collections Tx an d Ty are G-equivariant, so that each 
consists of only finitely many G-orbits of flats. Therefore, the constants 
guaranteed by Lemma 17.31 are uniformly bounded. It now follows that <j> o £ 
lies uniformly close to <j> o Hence, <j) o a lies close to 7 as desired. 

The case where a is either a geodesic ray or line follows easily by a stan- 
dard argument. □ 



8. Limit sets of quasiconvex subgroups 

In this section, we combine the techniques developed separately in Sec- 
tions 0] and to prove Theorem ll.2l 

Definition 8.1 (Limit Set). Suppose a group H acts by isometries on a 
CAT(O) space X. Then the limit set AH is the set of accumulation points 
in dX of any orbit Hx. Since any two orbits Hx\ and Hx2 accumulate on 
the same set, the choice of basepoint is irrelevant. 

If a point p is the limit of a sequence in Hx that lies within a finite 
Hausdorff distance of some geodesic ray, then p is a conical limit point of 
H. The conical limit set A C H is the set of all conical limit points of H. 

Clearly A C H lies inside AH. Furthermore, since AH and A C H are H— 
invariant, the action of H on dX restricts to an action of H on both AH 
and A C H. 

The key idea in the proof of Theorem 11.21 is contained in the following 
lemma, which generalizes the Equivariant Fellow Traveller Property of The- 
orem 11.51 We will see that the isomorphism r/ : H\ — > H2 induces a map 
which sends geodesies in X\ that lie near the orbit of H\ to geodesies in Xi 
that lie near the orbit of H2. 

Lemma 8.2. Let p\ and P2 be geometric actions of groups G\ and G2 on 
CAT(O) spaces X± and X2 each with isolated flats and the Relative Fellow 
Traveller Property. Let Hi < Gi be a subgroup which is v -quasiconvex with 
respect to pi for some constant v . Let Y{ = M v {HiXi), where X{ is a base- 
point in X{. Then any isomorphism 77: H± — ► H2 induces a quasi-isometry 
f: Y\ — > Y2 which sends geodesic segments uniformly close to geodesic seg- 
ments. 

Proof. The map h 1— > h(xi) gives a quasi-isometry : Hi — > Yi with quasi- 
inverse ipi : Yi — > Hi. Since an isomorphism between two finitely generated 
groups is a quasi-isometry with respect to any choice of word metrics, the 
map / : Y\ — > Y2 given by / = 4>2 ° r) o tpi is a (A, e)-quasi-isometry for some 
constants A and e. We may also assume that / is e-quasi-equivariant with 
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Figure 2. The quasi-isometry / maps the pair of quasigeo- 
desics a.\ and j3\ in Y\ close to the pair «2 and fa m ^2- 

respect to the isomorphism 77; in other words, for each h G H\ the diagram 




commutes up to a distance e. The map / has an e-quasi-inverse g: Y2 — »• Y\ 
which is also e-quasi-equivariant. 

We need to see that / maps geodesies uniformly close to geodesies. It is 
enough to prove the result for geodesic segments connecting two points in 
the orbit H\X\. So let a\ = [h(xi), k(x\)] for h,k G H\. Then / o a\ is a 
(A, e)-quasigeodesic segment in Y^. Perturbing f oa\ produces a continuous 
(A', e')-quasigeodesic «2 with endpoints rj{h){x2) and r)(k)(x2) such that the 
Hausdorff distance dn(f ai, 02) is bounded in terms of A and e and such 
that the constants A' and e' depend only on A and e. 

Since H2X2 is a i^-quasiconvex subspace of X2, the geodesic segment /?2 
joining the endpoints of 0L2 lies inside Y2. As before, g o /3 2 is within a 
bounded Hausdorff distance of a continuous (A', e')-quasigeodesic (3\ with 
the same endpoints as a±, as illustrated in Figure El 

Let Ti denote the distinguished family of isolated flats in JQ. The paths 
a\ and /?i are (A', e')-quasigeodesics in X\ with common endpoints. So by 
the Relative Fellow Traveller Property, they 5-fellow travel relative to the 
flats in T\ for some 5 = S(X\, A', e'). Let £ and £' be subsegments of ct\ and 
/?i which stay far apart except near their endpoints. Then £ and £' both 
lie in a ^-neighborhood of some flat F\ £ fj. By Lemma |4.11 there is a 
constant L = L(X±, 5) such that £ and £' lie in the L-neighborhood of some 
subflat F\ C iq on which a free abelian subgroup vli < H\ of rank at least 
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two acts cocompactly by translations. Furthermore, we may assume that 
for each y € F\, the orbit A\{y) is L-dense in F\. 

Since each point of £ lies within a uniformly bounded neighborhood of the 
orbit H\X\ and also within an L-neighborhood of Fi, there is some b £ H\ 
so that b(x\ ) lies in a uniformly bounded neighborhood of F\. So F\ lies 
in a bounded neighborhood of the orbit A\b{x\). In particular, there is a 
quasi-isometry Furthermore, we may assume that for each y G F\, the orbit 
A\(y) is L-dense in F\. 

Since each point of £ lies within a uniformly bounded neighborhood of the 
orbit H\X\ and also within an L-neighborhood of Fi, there is some b £ H\ 
so that b(x\) lies in a uniformly bounded neighborhood of F\. So F\ lies 
in a bounded neighborhood of the orbit A\b{xi). In particular, there is a 
quasi-isometry F\ — > Aib(x\) which moves points by at most a uniformly 
bounded amount. So the composition of quasi-isometric embeddings 

Fi - A 1 b(x 1 ) ^Y X ^Y 2 ^X 2 

is a quasiflat Q : F\ — > .X2. Furthermore, if we let A 2 = ^(-Ai) then the 
map Q is quasi-equivariant with respect to the isomorphism r)\A\ : A\ — > A 2 . 

By Theorem 11.41 there is a universal constant D so that the quasiflat Q 
lies in a D-neighborhood of some flat F 2 S T 2 which is stabilized by A 2 . 
Since Q is quasi-equivariant and A 2 acts on F 2 by translations, Q must lie 
inside a uniformly bounded neighborhood of some subflat F 2 C i*2 on which 
A2 acts cocompactly. 

As in the proof of Theorem EH projecting Q onto F 2 gives an equivariant 
quasi-isometry F\ F 2 . Such a map sends geodesies uniformly close to geo- 
desies by Lemma 17. A\ Since £ is a geodesic segment in the L-neighborhood 
of F\, its image / o £ in X 2 lies close to a geodesic. But the endpoints of 
/ ° £ are close to the geodesic /?2- It now follows that / maps the entire 
geodesic ot\ into a uniformly bounded neighborhood of \3 2 . The uniform 
bound in question depends only on our original choice of quasi-isometric 
embeddings Hi — > Xi and on the given isomorphism rj : H\ — > H 2 . □ 

Proof of Theorem MJA Fix a basepoint Xi E Xi, and consider the quasi- 
isometric embedding Hi — > given by /i 1— > h{xA. By Lemma 18.21 any 
isomorphism 77: f/i — ► i?2 induces a quasi-isometry / from 

Y 1 =M 2 u(Hi(x 1 )) to Y 2 =M 2v {H 2 {x 2 )) 

which sends geodesic segments uniformly close to geodesies. It follows easily 
that / maps geodesic rays uniformly close to geodesic rays. Thus we have a 
one-to-one correspondence between rays in Y\ and rays in Y 2 . To complete 
the proof we need to see that every point of \Hi can be represented by a 
ray in Fj. 

Consider a sequence {hj(xi)j limiting to a point of dXi as j — > 00. 
Extract a subsequence so that the segments [h\(xi),hj(xijj converge point- 
wise to a geodesic ray c based at h\(xi). By quasiconvexity, each segment 
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[hi(xi),hj(xi)\ lies inside the ^-neighborhood of the orbit H{(xi). So the 
limiting ray c lies inside Yi. Therefore, every point of AHi is represented by 
a geodesic ray inside Yi based at the point hi(xi). □ 

9. Geometrically finite groups 

This section is devoted to proving Theorem II .61 We begin by considering 
the finite volume case. 

A truncated hyperbolic space is a subspace of HP obtained by removing a 
collection of disjoint open horoballs and endowing the resulting subset with 
the induced length metric. Every truncated hyperbolic space is a complete 
CAT(O) space f |BH991 11.11.27]). A discrete subgroup T < Isom(HP) with 
finite covolume acts cocompactly on a truncated space obtained by removing 
a T-equivariant family of horoballs centered at the parabolic fixed points of V 
(ICR 701. see also |Thu971 §4.5]). 

Proposition 9.1. Let X C HP be any truncated hyperbolic space. Then X 
has isolated flats. 

Proof. We may assume n > 3, since otherwise X is <5-hyperbolic. For every 
deleted horoball, the bounding horosphere is isometric to E n . Since X is 
locally isometric to HP away from these flats, these horospheres are the only 
flats in X. 

To verify that X has isolated flats, we need to bound the diameter D{k) 
of the intersection of k -neighborhoods of any two distinct flats. Notice that 
a tubular neighborhood of a horoball is again a horoball. Furthermore the 
diameter of the intersection decreases monotonicaly as a function of the 
distance between the two flats. So it suffices to consider the case where the 
two horoballs are tangent at a single point, in which case it is clear that the 
diameter obtained is finite and depends only on fc. □ 

A geometrically finite group T < Isom(HP) acts geometrically on a trun- 
cated convex hull obtained as follows. Let A be the limit set of T in dM n , and 
let Hull(A) C M n be the hyperbolic convex hull of A. If T is geometrically 
finite, then there is a T-equivariant collection of disjoint open horoballs, 
with union U, centered at the parabolic fixed points of T, such that the 
action of T on the truncated convex hull Y = Hull(A) n (HP — U) is properly 
discontinuous and cocompact ( |Bow93| ). 

If the horoballs in U are chosen sufficiently small, then the truncated 
convex hull is a convex subspace of the truncated hyperbolic space, and 
hence is CAT(O). This fact seems to be well-known, though the only explicit 
reference the author has found in the literature is Exercise 11.11.37(2) of 
|BH99j . We direct the reader towards the lemma in |CS92| §1.7], which 
is a key step in proving this exercise. This lemma is proved by Culler- 
Shalen only in the three-dimensional setting, but the generalization to higher 
dimensions is straightforward. Henceforth, we assume that all truncated 
convex hulls are CAT(O). 
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Proposition 9.2 (Geometrically finite hyperbolic). Let T be any geomet- 
rically finite subgroup of Isom(EI n ). Then the associated truncated convex 
hull Y has isolated flats. 

Proof. As in the proof of Proposition 19.11 the only flats of Y are contained 
in the bounding horospheres. The stabilizer in T of each horosphere S is 
virtually abelian of rank k for some k < n. The intersection of S with 
Hull(A) is isometric to a product F x Z with F isometric to E fc and Z a 
compact convex subset of E n_fc_1 . Let zG^be the circumcenter of Z (see 
|BH99| II.2.7]). Define T to be the set of all flats F x {z} whose stablilizer 
in r has rank at least two. By construction, T is invariant under Isom(y). 
Since the horospheres S are isolated, it follows that T is isolated as well. 
Furthermore, since T has only finitely many conjugacy classes of maximal 
parabolic subgroups, it is easy to see that each flat in Y lies in a universally 
bounded neighborhood of some flat in T . □ 

In order to prove Theorem 1 1.61 all that remains is to establish the Relative 
Fellow Traveller Property for the truncated convex hull, which follows easily 
from the following result due to Epstein f |ECH + 92l Theorem 11.3.1]). 

Theorem 9.3 (Quasigeodesics outside horoballs). Let A > 1 and e > be 

fixed real constants. Then there is a positive real number £, depending only 
on k and e, with the following property. Let r > 3£. Let U be a union of 
disjoint horoballs in HP, such that any two components of U are a distance 
at least r apart, and let X be the truncated space H" — U. Let a: [a, b] — > X 
be a (A, e)~quasigeodesic in X. Let (j) be the hyperbolic geodesic from a(a) 
to a(b). Then the union of the £ -neighborhood ofU and the £ -neighborhood 
of <f> contains the image of a. 

Proof of Theorem M.fA Consider the truncated hyperbolic space X = HP — U 
and truncated convex hull Y = Hull(A) n X associated to T. Shrink the 
horoballs in U equivariantly so that they satisfy the hypothesis of Theo- 
rem E3 

Since Y is convex in X, quasigeodesics in Y are also quasigeodesics in X. 
So the result follows from the fact that, for each bounding horosphere S, the 
intersection S CiY lies uniformly close to either a flat or a geodesic line. □ 
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